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A novel type of exciton-phonon bound state – interlayer polaron – in a double-layer two-
dimensional semiconductor with transition metal dichalcogenides as an example, is predicted. In
these systems the interaction of the interlayer exciton with the soft modes of out-of-plane lattice
vibrations caused by van der Waals forces and flexural rigidity gives rise to a bound quasiparticle.
The energy and effective mass of the formed polaron for weak and strong exciton-phonon coupling
regimes are calculated and analyzed. Possible manifestations of these effects in transport- and
spectroscopy-related experiments are discussed.
I. INTRODUCTION
Coupling between lattice vibrations and electrons in
solids produces a great variety of experimentally observ-
able effects, usually described as “the physics of po-
larons”. Different regimes of this coupling build weak and
strong-coupling polarons influencing carriers mobility, ef-
fective masses, and response functions of the system1.
Polaron effects are critically important for excitons2 pro-
duced by light absorption since composite structure of
the excitons enhances the variety of the phenomena re-
lated to their coupling to the host lattice (e.g., Ref.
3). In optical properties, the exciton-phonon coupling
can lead to the temperature-dependent light absorption
threshold4, known as the Urbach rule.
Recent progress in experimental and theoretical stud-
ies of the transition metal dichalcogenide (TMDC) mono-
and bilayers demonstrated that a coupling between the
carriers and the lattice can have a strong impact on the
properties of these materials. Electron- and exciton-
phonon interaction results in pronounced sidebands in
absorption and emission spectra5,6, controls resonant
light scattering and impacts coherence generation7–10.
The electron-phonon interaction serves as an efficient
channel of the momentum and energy relaxation of
charge carriers and excitons11–13. In general, polaron
effects related to the coupling of the charge carriers with
in-plane polarized phonons are important for the physics
of TMDC monolayers14–17.
A remarkable property of two-dimensional crystals is
the presence of soft flexural phonon modes18–21. These
out-of-plane vibrations are responsible for rippling and
crumpling of the two-dimensional materials as well as for
their anomalous elastic properties22–24. Flexural modes
demonstrate low damping with significant potential for
mechanical and optomechanical applications25,26. How-
ever, as compared to the in-plane modes, the interac-
tion of charge carriers with the flexural vibrations is
diminished and, at first glance, the polaron effects are
weak. Here we show that this is not the case for excitons
in bilayer TMDCs, where the substantial polaron cou-
pling with the out-of-plane modes is expected. Indeed,
the modulation of the interlayer distance by the flexural
phonons results in variations of the Coulomb energy of
electron-hole interaction and provides a significant im-
pact on the interlayer exciton. The special properties
of this interlayer exciton-polaron are related to the fact
the Coulomb attraction between electron and hole tends
to decrease the interlayer distance and the softness of the
flexural modes makes such coupling particularly efficient.
Thus, a large-size polaron with the spatial dimension ex-
ceeding the exciton Bohr radius, typically of the order of
few nanometers, can be formed.
The excitonic effects in bilayer TMDCs attract nowa-
days an increasing interest due to manifestations of the
novel physics related to the combinations of layer and
valley degrees of freedom27–34. The analysis presented
in this paper shows that the formation of the interlayer
exciton-polarons is an essential element of the bilayer
TMDC physics and, therefore, should be taken into ac-
count while analyzing the properties of excitons in such
structures.
In this paper we theoretically study the polarons
formed by excitons causing lattice deformation in TMDC
two-layer structures in the realizations from weak to
strong coupling regimes. In addition to the composite
structure of the exciton, as related to its Bohr radius,
these regimes are determined by the interplay of the in-
terlayer coupling due to the van der Waals forces and
the flexural rigidity of the monolayers. We calculate the
energy and effective mass of the polarons in both these
regimes and analyze possible implications of the inter-
layer exciton-polaron formation relevant for experimental
observations.
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2II. MODEL: BILAYER EXCITON-PHONON
COUPLING
A. Flexural phonon modes
The studied system hosting an interlayer exciton, con-
sists of two monolayers (MLs), separated by the distance
L, as depicted in Figure 1. For simplicity we assume
that the monolayers are identical, but electrically biased
so that the top layer is preferably occupied by electrons
and the bottom one by the holes. Thus, the interlayer
exciton represents a dipole polarized along the structure
normal z. The variation of the interlayer distance due to
flexural vibrations modulates the electron hole separa-
tion and provides efficient exciton-phonon coupling. We
assume that there is no material sandwiched between the
layers, similarly to the structures studied in Refs. 25 and
26.
hole
electronlayer 1
layer 2
L Ez
 (r)
1
 (r)
2
FIG. 1. Schematic illustration of the bilayer exciton-polaron.
Here the space between the monolayers is not filled by any
material and attraction between electron and hole described
by the electric field Ez leads to deformation of the monolayers
and formation of a nanosize polaron state.
First, we consider the system of two freestanding elec-
trically neutral monolayers, Figure 1, characterized by
the out-of-plane displacements ζ1(r) and ζ2(r). Their
motion is described by the coupled equations with in-
dices i, j = 1, 2 numerating the monolayers as [cf. Ref.
18]:
%
∂2ζi(r)
∂t2
+B∆2ζi(r) = %
ω20
2 (ζj(r)− ζi(r)), (1)
where t is the time, ∆ is the Laplace operator acting in
the r-space, % is the two-dimensional mass density (mass
per unit area per monolayer), and B is the flexural rigid-
ity of the monolayer. Although in this paper we consider
for simplicity identical layers, similar results hold also for
the layers of different materials and for the case where one
of the layers is attached to a substrate. The interlayer
coupling parameter ω0 can be related to, e.g., the van
der Waals forces. At negligible (ω0 = 0) coupling substi-
tution of a plane wave ζi(r) = ζ(i)q,ωq exp (iqr − iωqt) into
Equation (1) results in two independent algebraic equa-
tions for the Fourier-components of displacements, ζ(i)q,ω,
in the form
(−ω2qρ+Bq4) ζ(i)q,ωq = 0, where q is the in-
plane phonon wavevector. As this equation has nonzero
solutions only if Bq4 = ω2qρ, we obtain degenerate flexu-
ral modes with the dispersion
ωq = κq2, (2)
where we introduced κ2 ≡ B/%. Note that at small q, the
dispersion in (2) is much softer than that of the in-plane
polarized acoustic phonons, linear in the wavevector q.
The presence of soft ωq ∝ q2 modes is a specific feature of
two-dimensional systems and membranes18–21, resulting
from the ∝ ∆2ζi(r)−term in the dynamical equation.
In the general case of ω0 6= 0, it follows from (1),
that there are two different in the symmetry and in the
dispersion modes of the out-of-plane vibrations, which
can be characterized as the in-phase vibrations with
ζ1(r) = ζ2(r) and the out-of-phase breathing mode with
ζ1(r) = −ζ2(r). Since the in-phase mode is odd with
respect to the reflection in the symmetry plane of the
bilayer and conserves the distance between electron and
hole, it cannot significantly affect the interlayer exciton
in the harmonic approximation in contrast to the breath-
ing mode. The out-of-phase vibrations are described by
the modified equation
%
2
∂2ζ(r)
∂t2
+ %2κ
2∆2ζ(r) + %2ω
2
0ζ(r) = f(r), (3)
where ζ(r) = ζ1(r) − ζ2(r) is the variation of the in-
terlayer distance, and f(r) is the external local pressure
applied here at the layer 1 (layer 2) due the electron-hole
attraction corresponding to the product of the contribu-
tion of hole (electron) to the electric field Ez in Figure
1 and the local electron (hole) charge density (see Ap-
pendix A for more details). To specify the explicit form
of f(r) one needs the mechanism of exciton coupling to
the out-of-phase breathing mode, which will be defined
in next subsection.
Note that in absence of the exciton, f(r) = 0, set-
ting ζ(r) = ζq,ωq exp (iqr − iωqt) we obtain the algebraic
equation (−ω2q +κ2q4 + ω20)ζq,ωq = 0. The resulting dis-
persion takes the form
ωq =
√
ω20 + κ2q4 ≈

ω0 + κ2q4/(2ω0), κq2  ω0,
κq2, κq2  ω0.
(4)
At small wavevectors ωq tends to a constant with a quar-
tic in q correction, while at the sufficiently large wavevec-
tors we recover parabolic dispersion of the flexural modes
in (2), still valid for any q for the in-phase mode here.
B. Exciton-phonon coupling: what is special for
bilayers?
Now we derive the exciton-phonon interaction in the
bilayer structure. We take the exciton wavefunction in
the form
ΨK =
exp (iKR)√S ϕ(ρ), (5)
3where S is the normalization area, K is the translational
wavevector of the exciton, and R and ρ are the in-plane
center of mass and relative motion coordinates defined
as:
R = me
m
ρe +
mh
m
ρh, ρ = ρe − ρh, (6)
with m = me +mh being the exciton translational mass.
Hereafter we assume that the bilayer system is trans-
lationally invariant and neglect moiré effects related to
the possible incommensurability of the lattices in the top
and bottom layers as well as the twist angle31–34. These
effects are most prominent for the layers in a tight con-
tact, which enables efficient hybridization of the electron
orbitals. The moiré effects produce an additional poten-
tial acting on the excitons35,36 and affects their optical
properties. The period of the potential is controlled by a
twist angle and is typically sufficiently large as compared
to the Bohr exciton and polaron radii calculated below,
making it possible to consider system as a translation-
ally invariant and effectively homogeneous on the length
scales related to the polaron, particularly, if the layers
are sufficiently far apart, which is of our interest in this
paper. Thus, at the first approximation, the moiré effects
can be disregarded.
The smooth envelope of the relative electron-hole mo-
tion ϕ(ρ) can be calculated after Refs. 37–41. It satisfies
the Schrödinger equation
− ~
2
2µ∆ϕ(ρ) + V (ρ, z)ϕ(ρ) = Eϕ(ρ), (7)
with µ = memh/m being the electron-hole pair reduced
mass and E being the eigenenergy. In Equation (7) we
have introduced the the electron-hole attraction poten-
tial energy V (ρ, z) with z being the separation of the
charges along the sample normal. The latter is typically
given by the Coulomb or extensions of Rytova-Keldysh
potential41–43. At a fixed interlayer distance z = L,
Equation (7) gives the series of the interlayer exciton
states. It also permits to calculate the exciton-phonon
interaction taking into account a variation of the exciton
potential energy due to the variation δz of the interlayer
distance z. The latter occurs as a result of the phonons.
Taking into account that the variation of the potential
energy in the linear-in-displacement order is given by
δV = ∂V (ρ, z)
∂z
∣∣∣∣
z=L
δz = ∂V (ρ, z)
∂z
∣∣∣∣
z=L
[ζ1(ρe)−ζ2(ρh)],
(8)
we arrive at the following expression for the exciton-
phonon interaction matrix element
UK′K =
∫
d2Rd2ρΨ∗K′ΨKVz(ρ, L)[ζ1(ρe)− ζ2(ρh)] (9)
= 12
∫
d2Rd2ρΨ∗K′ΨKVz(ρ, L)[ζ(ρe) + ζ(ρh)],
where, according to (6), ρe = R + (mh/m)ρ and
ρh = R − (me/m)ρ, we have taken into account that
ζ1(ρe) = ζ(ρe)/2 and ζ2(ρh) = −ζ(ρh)/2, and intro-
duced notation for the z-component of the effective field
as the derivative Vz(ρ, z) ≡ ∂V (ρ, z)/∂z.
Quantizing the phonon-induced displacements in a
standard way (note that ζ(ρ) is the difference of the lay-
ers displacements)
ζ(ρ) =
∑
q
√
~
%ωqS b
†
qe
−iqρ + h.c., (10)
with b†q (bq) being the phonon creation and annihilation
operators and transferred wavevector q = ±(K ′ − K)
depending whether the phonon absorption/emission is
studied, we obtain the following exciton-phonon coupling
Hamiltonian
U =
∑
q
Uqe
iqRbqc
†
K+qcK+h.c., Uq = DFs(q)
√
~
%ωqS ,
(11)
where c†K+q and cK are the exciton creation and anni-
hilation operators, respectively. Here the deformation
potential constant of the exciton-phonon coupling
D =

4e2/(εa2B), L aB ,
e2/(εL2), L aB ,
(12)
where ε is the effective dielectric constant, aB is the inter-
layer exciton Bohr radius, and Fs(q) is the corresponding
form-factor with Fs(0) = 1, as specified in Appendix A.
Before proceeding to the next section, where we use
Equation (11) to calculate the polaron states, we men-
tion that the proposed mechanism of exciton-phonon cou-
pling is qualitatively different from that for single-layer
excitons. This coupling is directly based on phonon-
induced modulation of the Coulomb interaction bind-
ing the exciton. However, the intra-layer exciton-polaron
coupling is very weak due to the inefficiency of the Fröh-
lich interaction in two dimensions. Another reason for
this weakness is the similarity of electron and hole ef-
fective masses producing a low net charge density inside
the exciton and, thus, making it weakly sensitive to the
phonon-induced fields (e.g., Ref. 3). The coupling to the
in-plane acoustic phonons via deformational potential is
also quite weak, mainly, because the matrix element van-
ishes at small momenta.
III. RESULTS
A. Weak coupling
Let us begin with the standard perturbative analysis
of the interlayer polaron. In the weak coupling regime,
the polaron shift of the exciton ground state evaluated at
a temperature T in the second-order perturbation theory
4is presented as
δEw = −
∑
q
|Uq|2 × (13)[
1 + nq
~ωq + ~2q2/(2m)
+ nq
~ωq − ~2q2/(2m)
]
,
where nq = [exp(~ωq/T ) − 1]−1 is the phonon distribu-
tion function, and the terms ∝ (1 + nq) and ∝ nq in
the square brackets describe emission and absorption of
the phonons, respectively. To elucidate the main con-
tributions to the exciton-phonon coupling constant, we
begin with the T = 0 case. Since for the realizations
of interest, Fs(q) is close to one, as shown in Appendix
A and also discussed below, we omit it in Equation (13).
Therefore, the sum over q can be readily evaluated as
δEw = −D
2
%
tanh−1(
√
1− κ2/K2)
4piK√1− κ2/K2ω0 (14)
≈ −β~ω02pi ln
√
K
κ
.
Here the effective coupling constant β reads:
β = 2mD
2
%~2ω20
, (15)
the parameter K = ~/(2m) characterizes steepness of
the exciton dispersion, and the last approximate equal-
ity holds for K  κ. At a relatively high tempera-
ture T ≥ ~ω0 we obtain from Equations (13) and (15)
that the constant β is enhanced by a factor 2T/(~ω0).
Since the flexural elasticity of the layers is determined
by the bending of chemical bonds44, it can be estimated
as %κ2 ∼ ~2/(m0a20), where a0 is the in-plane lattice con-
stant and m0 is the free-electron mass. Taking into ac-
count that the exciton effective mass m ∼ m0 in TMDC-
based systems45 and estimating % ∼ M/a20 through the
unit cell mass M , we obtain κ ∼ ~/√Mm. Therefore,
K/κ ∼ √M/m  1, being determined by the inverse
of the adiabatic parameter in the theory of electron-
phonon coupling. Next, we can estimate the van der
Waals related frequency in the following way. First, we
take into account that the van der Waals interaction en-
ergy of two units cells (separated by the in-plane dis-
tance d) in the TMDC layers, wW , can be estimated
as46 wW ∼ −~2/(m0a20)×a60/
(
L2 + d2
)3
. Summing over
the units cells in a single layer, we obtain the total in-
teraction energy of the given unit cell with the other
layer as WW ∼ −~2/(m0a20) × a40/L4. As a result, we
estimate the energy ~ω0 as ∼ ~
√|d2WW /dL2|/M ∼
~2/(m0a20)×
√
m/M × a30/L3.
In the same K  κ limit the effective polaron mass of
the exciton at T = 0 reads17
m∗ = m
(
1 + β4pi
)
. (16)
The logarithmic enhancement of the polaron shift is a
feature of two-dimensional systems [cf. Ref. 17]. Note-
worthy, the sum over q in (13) diverges in the absence of
flexural rigidity where κ → 0. The presence of the flex-
ural rigidity cuts the divergent sum off at Q ∼ √ω0/κ
estimated as Q ∼ a−1B ×(~ω0/EB)1/2×(m/M)1/4 . Thus,
depending on the particular realization of the system, the
cut-off can be due to the flexural rigidity or due to the
formfactor Fs(q). The inclusion of the form-factor cal-
culated in Appendix A results only in the change of the
argument of large logarithm in Equation (14).
Importantly, in the absence of the interlayer coupling
(ω0 = 0) the polaron shift and mass diverge also. This
divergence is caused by the softness of flexural modes:
even infinitely small external force results in macroscopic
deformation of the membrane18 since the energy of the
flexural deformation of the lateral size R behaves as
%κ2ζ2/R2 and vanishes in the large R−limit, permitting
any finite ζ for zero energy cost.
B. Strong coupling: polaron formation
The van der Waals interaction rapidly falls with in-
creasing the distance L between the monolayers46 leading
to ω20 ∝ L−6 dependence, while the deformation poten-
tial D decreases rather smoothly, as ∝ L−2 (at L aB).
As a result, the coupling parameter β can be made suffi-
ciently large rendering perturbation theory inapplicable.
Thus, we explore the interlayer polaron in the strong
coupling approximation. In this regime, the exciton
produces significant deformations of the layers such that
the effective potential well is formed, which causes the
exciton localization. Thus, the polaron energy can be
recast in the form1,47
δEs =
〈
ψ(r)
∣∣∣∣~2k22m
∣∣∣∣ψ(r)〉−∑
q
|Uq|2
~ωq
F 2(q). (17)
Here ψ(r) is the exciton wavefunction in the effective
potential well formed by layer displacements, to be found
by minimization of Equation (17), and
F (q) =
〈
ψ(r)
∣∣eiqr∣∣ψ(r)〉 .
Equation (17) has a clear physical meaning: The first
term is the kinetic energy of the exciton in the potential
well, and the second term is the gain in the potential
energy due to the relative displacements of the layers and
corresponding decrease in the negative Coulomb energy.
The latter can be written in the following equivalent form
Epot = −12
∑
q
fqζq, (18)
where fq = DF (q)/
√S is the Fourier component of the
force density due to the presence of exciton, while the
relation between the force and displacement takes the
5standard form for a harmonic oscillator ζq = 2fq/(%ω2q )
as it follows from the Fourier transform of Equation (3).
As we see from the following, if the coupling parameter
β is small, there is no bound state described by Equation
(17) and the strong-coupling polaron is absent.
We use variational approach to minimize the energy in
Equation (17) and choose the Gaussian form of the trial
function
ψ(r) =
√
2b
pi
e−br
2
, (19)
with b being the trial parameter and R = 1/
√
b being
the polaron size, where we assume R& aB . The polaron
energy reads
δEs =
~2b
m
− (20)
D2
8%piκω0
{2Ci(ξ) sin ξ + [pi − 2Si(ξ)] cos ξ} ,
where ξ = ω0/(4bκ), and
Ci(ξ) = −
∫ ∞
ξ
cos t
t
dt, Si(ξ) =
∫ ξ
0
sin t
t
dt. (21)
Equation (20) has a minimum only at sufficiently large
β  1. Performing optimization of the polaron energy
we obtain
δEs = − D
2
8%κω0
. (22)
This result is parametrically larger than the weak-
coupling asymptotics, Equation (14), valid at β  1.
We can also evaluate the polaron mass47 (see Appendix
B for another approach) as:
m∗
m
= 1 +
∑
q
f2q
%ω4q
q2
m
≈ (23)
β
8pi
(K
κ
)2
{2− ξ0 [2Ci(ξ0) sin ξ0 + [pi − 2Si(ξ0)] cos ξ0]} ,
where ξ0 corresponds to the minimum of Equation (20).
Particularly, at K/κ  1 we can put ξ0 → 0 with the
result
m∗ = β4pi
(K
κ
)2
m m. (24)
In order to study the transition between the limits of
small and large coupling constants β we have performed
Feynman variational calculation of the polaron energy
and mass48. To simplify the calculation and avoid taking
into account full phonon dispersion in the form of Equa-
tion (4) we assumed dispersionless phonons and intro-
duced the smooth cut-off of the exciton-phonon matrix
element as
|Uq|2 = ~D
2
%ω0S exp
(
− q
2
Q2
)
. (25)
Note that in the strong coupling limit, corresponding to
formation of well-localized polaron state, the cut-off Q
roughly corresponds to the transition to parabolic dis-
persion of phonons, Q ∼ √ω0/κ or to the inverse Bohr
radius of exciton, see discussion above.
Following48 and supplement to Ref. 17 we formulate
the variational approach expressing the kinetic (Ekin)
and potential Epot energies of the polaron with the trial
parameters w and v as:
Ekin = ~ω0
(v − w)2
2v , (26)
Epot = −~ω0 β4pi
∫ ∞
0
e−udu
(Q`)−2 + 2F , (27)
with ` =
√
~/(2mω0) being the oscillator length corre-
sponding to the bare exciton mass, and auxiliary function
F = w
2
2v2u+
v2 − w2
2v3
(
1− e−uv) . (28)
Figure 2 shows the polaron energy calculated using Feyn-
man’s variational method by optimization of Ekin + Epot
vs. trial parameters u and v (solid blue line) and the
asymptotic dependence in the weak and strong coupling
regimes (dotted and dashed red lines, respectively). The
weak coupling energy shift depends on the cut-off param-
eter logarithmically while the mass is independent of the
cut-off
δEw = −~ω0 β2pi ln (Q`), m
∗ = m
(
1 + β4pi
)
. (29)
This result exactly matches the calculation, Equations
(14) and (16), with dispersive phonons at Q =
√
ω0/κ.
At the strong coupling the model with the cut-off pro-
duces the polaron shift and mass at β > 2pi:
δEs
~ω0
= − (Q`)
2
4pi
(√
β −
√
2pi
)2
, (30)
m∗
m
= (Q`)
4
2pi (
√
β −
√
2pi)2.
At Q =
√
ω0/κ the energy in Equation (30) differs by a
factor 2/pi from the calculation with the full dispersion
given by Equation (22), while the effective mass dif-
fers by a factor of 2 from Equation (23). The Feynman
approach demonstrates that the polaron energy almost
smoothly varies between the weak and strong coupling.
Thus, it is anticipated that the energy of the polaron in
the model with the full dispersion will also smoothly pass
from the weak to the strong coupling asymptotes, Equa-
tions (14) and (22) with the transition at β ∼ 2pi. Inset
in Figure 2 demonstrates the polaron mass m∗/m as
a function of the dimensionless coupling constant β cal-
culated in Feynman’s approach (solid blue line) and its
asymptotes. Interestingly, the effective mass abruptly in-
creases at β ∼ 2pi where the transition between the weak
6(a) (b)
FIG. 2. Absolute value of the negative polaron energy (a) and the effective mass (b) as a function of the coupling parameter β
for different values of the cut-off parameter Q`, marked near the plots. Solid blue lines show Feynman variational calculation,
dotted and dashed red lines show the analytical expressions for Equations (29) and (30) valid at, respectively, small and large
β. Note that the presented plots, demonstrating a steep increase at β > 2pi, are in agreement with these analytical equations.
and strong coupling regimes is achieved corresponding to
a fast compression of the polaron state with the increase
of β in this domain and this qualitative feature does not
depend on the trial function. Similarly to the energy, the
polaron mass quite accurately follows the asymptotes ob-
tained in the weak and strong coupling regimes.
IV. DISCUSSION: EXPERIMENTAL
CONSEQUENCES AND RELATED EFFECTS
Now we can discuss possible relation of our theoretical
results to the experimentally investigated bilayer mate-
rials and the effects of exciton-polarons on their prop-
erties in different coupling regimes. We begin with the
estimates of the coupling constant β in (15) and corre-
sponding energy shift in (14). Since the variety of the
structures and structure-related properties of the exci-
tons is very broad, for the theoretical analysis we accept
the typical system parameters ε ≈ 5 and aB ≈ 1 nm
and estimate the deformation potential as D ≈ 1.5 ×
103 meV/nm. To estimate β, we take the van der Waals-
related phonon energy ~ω0 = 3 meV, when the MLs are
in contact with each other 49–51, corresponding to the
estimate in subsection IIIA for L ∼ 2a0. Taking into
account that M ∼ 5 × 105m0, 2m ∼ m0, and the unit
cell area a20 is close to 0.1 nm2, we obtain for the typical
structures where the distance between the layers is of the
order of a0, the values of β of the order of 5× 10−2. For
the ratioK/κ ∼ 103, the corresponding shift δEw at tem-
perature T = 100 K is then of the order of 0.3 meV. At
a constant D this value of β can be enhanced by increas-
ing the interlayer distance since van der Waals vibration
frequency behaves as ω20 ∝ 1/L6, and the shift δEw be-
haves at T = 0 as ∝ L3 then. The role of the interlayer
distance dependence on the deformation potential con-
stant D can be characterized as follows. At L ≤ aB ,
D is weakly L−dependent, and, therefore β ∝ L6. At
larger distances, where D ∝ L−2 one obtains β ∝ L2.
The temperature enhances the value of β by the factor
∝ TL3. The bilayers with large values of L can be de-
signed similarly to the drum-like structures of Refs. 25
and 26.
It is noteworthy that the enhancement of the coupling
constant with increasing interlayer distance is mainly due
to the reduction of the interlayer interaction character-
ized by the diminishing ω0. The smaller ω0 is, the softer
is the phonon dispersion and the larger is β. Formally,
in the limit of isolated layers β → ∞. However, the
physical quantity Ew in Equation (13) at T = 0 de-
creases as βω0 ∝ 1/L. In addition, the finite size of the
TMDC flakes results in quantization of phonon wavevec-
tors, which cuts off dispersion (2) at small q ∼ 1/Ls
where Ls is the flake size. Thus, in real samples, the
quantity ωs ∼ κ/L2s represents a natural cut-off fre-
quency and should be used in the denominator of β if
L & Ls. As a result, for L & Ls, the polaron coupling
constant starts to decrease with increasing L due to re-
duction of the deformation potential constant D.
In the considerations above we have disregarded the
moiré effects in bilayer structures, which can be impor-
tant when the layers are in a relatively close contact. The
resulting appearance of the superstructure potential due
to the twist of the lattices and their incommensurabil-
ity on the properties of the interlayer polarons, should
be analyzed self-consistently for both phonons and exci-
tons. This is a problem for the future study.
In the strong coupling regime the polaron effects
produce a Stokes shift energy between the absorption
and emission. The polaron effects can also influence
the transport of excitons, their diffusion, the phonon-
related drag, and Raman scattering since the exciton
7is surrounded by a phonon cloud. These effects are
now actively studied in TMDC-based and other layered
nanosystems52–56.
Finally, we discuss collective properties of these po-
laronic systems. First, lattice deformation and phonon
clouds surrounding the exciton, will influence the inter-
actions between two excitons. For example, at large in-
terlayer distances due to strong coupling the displace-
ments can be sufficiently large that the layers may start
touching each other leading to formation of the stronger
bound excitons. At the concentration of carriers per
layer n2D, these single-exciton states can be formed at
BL2n2D ≤ EB , where EB is the exciton binding energy,
corresponding to the balance of the elastic energy loss per
single electron-hole pair (BL2n2D) and the energy gain
(EB) due to formation of the exciton. Note that this
discussion is valid provided that n2D is below the Mott
transition density45 which can be roughly estimated as
nM ∼ 1/a2B at aB  L and nM ∼ 1/a2B × (aB/L)3/2 at
aB  L (see Appendix A). At higher n2D, these polarons
overlap and can form macroscopic many-body states sim-
ilar to the fluctuons near the phase transitions57, where
the host lattice is soft due to the vicinity of the transi-
tion, while in the bilayers of our interest the softness is
due to the flexural character of the elasticity. The po-
laron effect, enhancing exciton-exciton interactions can
be also important for realization of condensed excitonic
phases or electron-hole condensates in strong magnetic
fields.
A similar polaron effect can also strongly affect impu-
rity states in suspended monolayer semiconductors. For
example, if a positively charged impurity is placed in the
vicinity of a monolayer, the electron attraction to the im-
purity will be accompanied by the monolayer deformation
affecting the bound states energies and wavefunctions.
The effect can be most pronounced and enhanced by
the corresponding nonuniform polarization of the layers
for close-to-critical or supercritical Coulomb impurities
in narrow-gap systems, including gapless graphene58,59.
The predicted polaron effects can also be important for
quantitative description of the bound states in Dirac lay-
ered materials60.
V. CONCLUSION
We studied theoretically possible formation of inter-
layer exciton-polarons in two-layer structures of transi-
tion metal dichalcogenides. The polaron is formed due
to the Coulomb attraction between electron and hole lo-
cated in different layers, which results in the out-of-plane
deformations of the individual layers. The latter are re-
lated to the flexural phonons which are extremely soft in
two-dimensional materials. This electron-hole attraction
decreases the interlayer distance with the effect depen-
dent on the electric field inside the exciton, coupling be-
tween the layers due to the van der Waals forces, and
the flexural rigidity of the layers. This, a polaron is
being formed. Since the van der Waals-determined fre-
quencies of the coupled layers vibrations are usually low,
the temperature can have a large effect on the polaron-
related effects. The total energy and effective mass of
such exciton-polaron depend of these parameters. In the
strong coupling limit we applied two forms of the vari-
ational approaches, including the Frölich and Feynman
variational procedures. The effective mass rapidly in-
creases when the exciton-phonon coupling exceeds a crit-
ical value, corresponding to a spatial compression of the
polaron state. Taking into account that the character-
istics of excitons in the transition metal dichalcogenides
are strongly preparation-dependent, we expect different
realizations of the polaron-related effects in their experi-
mentally observable properties.
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Appendix A: Matrix elements and form-factor of
exciton-phonon coupling
Here we derive the matrix elements of interaction of
the interlayer exciton with the out-of-plane vibrations.
To that end we introduce the electron-hole interaction
potential, V (ρe−ρh, ze−zh), as a function of the in-plane
coordinates, ρe,h, and out-of plane coordinates, ze,h. In
the absence of phonons ze − zh = L, the interlayer dis-
tance.
The exciton wavefunction takes the form of Equation
(5), with
R = me
m
ρe +
mh
m
ρh, ρ = ρe − ρh, (A1)
being the in-plane center of mass and relative coordi-
nates, respectively.
The matrix element of the exciton interaction with the
out-of-plane phonons results from the variation of the ex-
citon energy in the lowest order in the layer displacements
ζ1 and ζ2 can be written with Vz(ρ, z) ≡ ∂V (ρ, z)/∂z as:
UK′K =
∫
d2Rd2ρΨ∗K′ΨKVz(ρ, L)[ζ1(ρe)− ζ2(ρh)],
(A2)
where the electron and the hole reside in the top (1) and
the bottom (2) layer, respectively, as shown in Figure
1. Here we are interested only in the interaction with
8the even-symmetry mode, which provides the maximum
coupling, while the contribution of the odd-symmetry vi-
brations vanishes after averaging with axially symmetric
envelope of relative motion.
Performing quantization of displacements after Equa-
tion (10) and integrating in Equation (10) over R we
arrive at
Uq =
1
2
√
~
%ωqS
∫
d2ρ |ϕ(ρ)|2Vz(ρ, L) (A3)
×
[
exp
(
−iqρmh
m
)
+ exp
(
iqρme
m
)]
+ h.c.
We describe electron-hole interaction by the Coulomb
law, i.e., we neglect an intricate screening in a bilayer
system [cf. Ref. 41]:
V (ρ, z) = −e
2
ε
1√
ρ2 + z2
, (A4)
with the z− derivative
Vz(ρ, L) =
∂V (ρ, z)
∂z
∣∣∣∣
z=L
= e
2
ε
L
(ρ2 + L2)3/2 .
We begin with realization L  aB , where we may take
the hydrogen-like wavefunction of the exciton
ϕ (ρ) =
√
2
pia2B
e−ρ/aB , (A5)
and it is convenient to present the matrix element of the
exciton-phonon coupling as
Uq =
√
~
%ωqS
4e2
εa2B
Fs(q). (A6)
Performing integration in Equation (A3) and taking into
account that in the limit of L  aB the exponent is
inessential since the integrand has singularity at ρ→ 0 at
L = 0, and the integration can be performed analytically
with the result, and taking into account the definition in
(12), we obtain
Fs(q) = 12
(
e−qLme/m + e−qLmh/m
)
. (A7)
Since L in this realization is of the order of few units cell
sizes a0, the corresponding vector 1/L 
√
ω0/κ, that
is the size integration domain in Equation (13), we can
safely put Fs(q) = 1 there.
Note that the behavior of exciton-phonon coupling at
q = 0 can be understood by considering the exciton as a
thin nanosize capacitor with nonuniform charge density,
where we introduce the probability densities
nh(r) =
4
a2h
e−2r/ah
2pi ; ne(r) =
4
a2e
e−2r/ae
2pi , (A8)
where ah = aBme/m and ae = aB − ah = aBmh/m
for hole and electron, respectively. These distributions
produce electric fields
Eh(r) = 2pi e
ε
nh(r) =
4
a2h
e−2r/ah (A9)
Ee(r) = −2pi e
ε
ne(r) = − 4
a2e
e−2r/ae .
The function f(r) in Equation (3) becomes
|f(r)| = e (Eh(r)ne(r)− Ee(r)nh(r)) with the corre-
sponding Coulomb force between the electron and the
hole:
|FC | = 12
∫
|f(r)| d2r (A10)
= e
∫
Eh(r)ne(r)d2r = −e
∫
Ee(r)nh(r)d2r.
After integration in Equation (A10) we obtain
|FC | = e
2
ε
4
a2B
, (A11)
in agreement with the full calculations.
For completeness, we consider the opposite limit L
aB , where the the potential of electron-hole interaction
can be approximated by harmonic potential: V (L, ρ) ≈
−e2(1 + ρ2/2L2)/(εL). The resulting relative motion of
electron and hole is described by a Gaussian-like function:
ϕ (ρ) =
√
1
pia˜2B
e−ρ
2/2a˜2B , (A12)
where a˜B = aB × (L/aB)3/4  aB . Thus, we can disre-
gard ρ2 in the denominator of Equation (A4) and obtain,
using definition of D in Equation (12):
Fs(q) = 12
(
e−(a˜Bqme/(2m))
2
+ e−(a˜Bqmh/(2m))
2
)
.
(A13)
Now we analyze the role of the mass-related factors in
the exponents. While typically in TMDC-based systems
the electron and hole masses have similar values (see Refs.
17 and 61), it is instructive to address the case where me
and mh are considerably different. Let us assume that
mh  me, then me ≈ m and the phonon causes dis-
placement of the heavier particle, that is, the electron
corresponding to the first term in the square brackets in
(A2). Then almost the entire phonon momentum [the
fraction ∼ (me/m) of it] will be absorbed in the center-
of-mass motion, and, therefore, will not contribute into
variation of the electron-hole Coulomb interaction. Only
the residual small part [∼ (mh/m) of the phonon mo-
mentum] will affect the relative position of electron and
hole and, thus, produce the form-factor. For this reason,
a much larger momentum is required to produce a con-
siderable change in the Coulomb energy. Similar analysis
can be applied for the contribution of the lighter particle,
that is the hole.
9Appendix B: Effective mass of the polaron: slow
motion of the monolayers
Here we consider a double-layer exciton-polaron char-
acterized by z−axis displacement in each monolayer 1 (2)
as ζ1 (r) = −ζ2 (r) , where r is the in-plane coordinate
and ζ (r) = 2ζ1 (r). Let it move slowly with the velocity
v such that the time-dependent displacement becomes
ζ1 (r− vt) . Kinetic energy of the polaron is then
EK =
%
2 ×
1
2
∫ (
∂ζ (r− vt)
∂t
)2
d2r ≡ m∗ v
2
2 , (B1)
where m∗ is the polaron effective mass with m∗  m in
this strong-coupling regime. The low-v expansion
∂ζ (r− vt)
∂t
= −v · ∇ζ (r) , (B2)
yields
EK =
1
4%
∫
(v · ∇ζ (r))2 d2r. (B3)
Introducing unit vector n ≡ v/v, we obtain
EK =
1
4%v
2
∫
(n · ∇ζ (r))2 d2r, (B4)
resulting in the polaron mass
m∗ = %2
∫
(n · ∇ζ (r))2 d2r = %4
∫
(∇ζ (r))2 d2r. (B5)
This definition fully corresponds to Equation (23) since
∑
q
q2f2q
%ω4q
= %4
∑
q
q2ζ2q, (B6)
is equation (B5) in the momentum representation. Now
we can estimate the effective mass taking into account
that for a monotonic polaron function ζ (r)∫
(n · ∇ζ(r))2 d2r ∼ ζ2(0). (B7)
Thus, we arrive at the relation between m∗ and the max-
imum displacement ζ(0) :
m∗ ∼ %ζ2(0). (B8)
Taking into account the condition of linear exciton-
phonon coupling ζ(0)  L, we obtain the restriction
m∗  %L2.
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